In this work, the exact analyses are presented for the plane problem of a coating material subjected to a concentrated force acting at the interior of the substrate and the case when the force at the interface. The stress functions are constructed as an infinite series form by utilizing the method of image. According to the orders of the image points from lower to higher, the terms in the stress functions series have the recursive relationships. For the case when the force acting at the substrate, the first two terms are the original stress functions for a homogenous infinite plane subjected to a concentrated force, which are known and simple. For the case when the force acting at the interface, the fundamental solution is obtained for two bonded dissimilar semi-infinite plane. The stress functions in this solution can be used as the first two terms for the problem considered in this paper. Therefore, all other terms can be derived by the recurrence equations explicitly. Also, through comparisons between the theoretical results and the numerical results by FEM, it is verified that the convergence rate of the solutions is very rapid. In most practical cases only the first several image points can ensure the solutions with satisfactory accuracy.
Introduction
In recent decades film-coated materials have been extensively used in engineering. Films and coatings deposited on the surface of the substrate material are employed for a diverse set of applications including electronic and optical devices protection at high temperatures, cutting tool enhancement, and improvements of the mechanical and electronic properties of the materials. However, due to the presence of one or multiple layers of coating, challenges arise when characterizing or extracting mechanical parameters for the film, or evaluating the adhesion strength, etc.
Considerable effort has been devoted to the theoretical, numerical and experimental studies concerning the problems about the coating materials. Xu and Mutoh (2003a,b) obtained the analytical solutions for both two and three dimensional problems for film-coated half-space subjected to a concentrated force acting on the surface. Varias et al. (1999) simulated the transient problem of film buckling and interfacial failure using numerical method. Balkan and Madenci (1998) analyzed the response of a thin film over a substrate with circular debonding under thermal loading. Wei and Hutchinson (1998) proposed and analyzed a cohesive zone model for steady-state peeling of thin rate-independent, elastic-plastic film bonded to an elastic substrate. Ogilvy (1993) proposed a parametric model for the elastic indentation problem of coated material for spherical indenters to predict the contact radius and distance. Giannakopoulos and Suresh (1996) analyzed theoretically and numerically the basic problem of indentation of compositionally graded materials by point forces. Gan and Ben-Nissan (1997) , using finite element method (FEM), studied the effects of mechanical properties of thin films on the data collected from nano-indentation tests. Schwarzer et al. (1999) solved the problem of a Hertzian stress distribution in a coated half-space using image method, and based on this theory developed a novel approach for the determination of mechanical properties of thin films on a substrate.
The present paper is the further work of the previous study of the authors (2004), in which the problem for a coated semi-infinite plane subjected to a concentrated force applying in the upper thin layer was solved. In this study, the elastic exact solutions are obtained by application of the image method, for a coated semi-infinite plane subjected to a concentrated force applying in the interior of the substrate and at the interface. The method of image is very effective in dealing with dissimilar material problems. Hetényi (1961, 1962) obtained the closed solutions of the elastic plane with a circular inserted by this method in terms of Ariy stress functions for infinite plane with a point force. In recent years, a number of works on bimaterials have been done to analyze the stress fields through image method. Ting (1992) presented simple explicit expressions of Green's functions for anisotropic elastic half-spaces and bimaterials subjected to line forces and line dislocations, and discussed the image singularities of the Green's functions. Aderogba (2000 Aderogba ( , 2003 established a theorem for generating the Airy stress function for trimaterial due to a point force utilizing the method of image. Ma and Lin (2001) found that the fundamental solutions required to construct all the image singularities of applied forces and dislocations for the half-space are only forces and dislocations and their differentiations in the infinite space. Wu et al. (2002) obtained the exact solutions for interfacial edge dislocations in an anisotropic bicrystal under plane strain by the method of image dislocations.
By using the image method, the stress functions are constructed as an infinite series form in this paper. According to the orders of the image points from lower to higher, the terms in the stress functions series have the recursive relationships. The first two terms are the original stress functions for an infinite plane subjected to a concentrated force, which are known and simple. Therefore, all other terms can be derived by the recurrence equations explicitly. Good agreement between the numerical calculations and analytical results was also obtained. It can be shown that the convergence rate of the solutions is very rapid. In most practical cases only the first several image points can ensure the solutions with satisfactory accuracy.
The basic descriptions are given in Section 2. In Section 3 the stress functions are constructed by using the image method and the recursive relationships of the functions are derived. In addition, the numerical calculations by finite element analysis are performed in Section 4, and the comparisons between the theoretical and numerical results of the stresses along the interface are presented in this section. Finally, Section 5 is the discussion and conclusions of this paper.
Statements of the problem
Consider the bilayer material with a thin film of a thickness h on a substrate shown in Fig. 1(a) , the upper thin layer and substrate are denoted by 'I' and 'II', and the shear modulus and Poisson's ratios of the two materials are l 1 , m 1 , l 2 , m 2 , respectively. The substrate is regarded as a half-infinite space subjected to a concentrated force. The global coordinate is set as originating along the interface.
In Fig. 1 (b and c), the concentrated loading exerts at point O. By means of the image method, two series of infinite image points are produced from the loading point due to the surface and interface. The first series image points are shown in Fig. 1(b) , an image point is first produced by the interface and then reflected by the free surface, and so on. The image points reflected by the interface are denoted by O i and the corresponding local coordinate is 1 k . The image points reflected by the free surface are denoted by C i , the corresponding local coordinate is z k . The relationship between the local coordinates and the global coordinates are:
Note that z 0 = z + di corresponding to the loading point O.
The second series of infinite image points are shown as Fig. 1(c) . First, an image point is produced by the free surface and then reflected by the interface, and so on. The image points reflected by the interface are denoted by H i and the corresponding local coordinate is g k . The image points reflected by the free surface are denoted by L i , the corresponding local coordinate is n k . The relationship between the local coordinates and the global coordinates are:
The continuity conditions at the interface are:
Tractions free condition at the free surface is When the distance d equals to zero, the above two series image points will be the same. It is illustrated as Fig. 1 (d) which is degenerated from Fig. 1(c) . In such case, the image points and the local coordinates can be expressed by Eq. (2) in which d = 0.
3. Recurrence relationships of the stress functions 3.1. The case when the concentrated force acting at the substrate
It is well known that complex analysis is an effective technique in solid mechanics. In this paper the general Goursat stress functions will be used. For plane problem it can be expressed as:
From the variable relations in Eq.
(1) one can get:
Set the stress functions as following:
the total stress functions in the two regions are:
In the above two equations, all the terms are complex variable analytic functions, and each term corresponds an image point which is indicated by the variable in the parenthesis. 'I' and 'II' in the subscripts denote the coating and substrate, respectively. And in the superscripts, 1 and 2 in the parentheses indicate the numbers of the series of the image points. It should be pointed that only two terms are taken in the first series image points. It is because if more terms were taken they cannot be determined due to the singularities. Next, the recursive relationships of the stress functions will be derived. First, the continuity conditions must be satisfied along the interface. Noting that at the interface one has z = x and
Substituting the stress functions expressed in Eqs. (8) and (9) into Goursat formula expressed in Eq. (5) to obtain the stresses and displacements, then into the continuity conditions of Eq. (3), at the mean time considering the corresponding relationships of the image points, it yields:
Here, C = l 2 /l 1 . Using the condition z = x at the interface, the two sides in the equations of Eq. (11) can be rearranged to harmonic functions. At the same time, by conjugating the two sides of the expressions of displacements, one can get:
k À c k Þ Based on interchange theorem, at the interface, we have:
and
where, L and R represents the left-and right-hand side of an equation like L(x, y) = R(x, y), respectively. Using Eqs. (13) and (14), from Eq. (12) one can obtain:
Using Dundur's parameters
Equations of recurrence expressed in Eqs. (15a)-(15d) can be rewritten as:
Second, at the free surface : z = x + hi and
where n 0 corresponds to z. The interchange theorem becomes
Substituting Eqs. (8) and (9) into Eq. (5) and then Eq. (4), considering the corresponding relationships of the image points, the following expressions can be obtained:
Applying z = x + hi, the above expressions can be rewritten as harmonic functions as:
Employing the relationships expressed in Eq. (19) and Eq. (20), the recurrence relationships of the stress functions can be obtained as:
Considering the coordinate shift, Let:
Here, F II , f II are the stress functions for the unbounded homogeneous plane under a concentrated force. Substituting Eq. (25) into Eqs. (17a) and (17b) it is easily to get the functions F I , f I , B 1 and b 1 so that the other terms can be determined by the recursive relations expressed in Eqs. (17c), (17d), (23) and (24). In practice, it is convenient and effective to derive all terms using Matlab, Mathamatica or Maple to make programs.
The case when the concentrated force acting at the interface
In this case, the total stress functions are a little different, set as:
Also, the solutions for the unbounded homogeneous plane under a concentrated force can not be used as the first two functions in the recursive relations. The case when the concentrated force acting at the interface is special. Next, the fundamental solutions for two dissimilar semi-infinite plane bonded together subjected a concentrated force at the interface is derived, which can be used as the first two functions in the recursive relations.
Considering two dissimilar semi-infinite plane bonded together subjected a concentrated force at the interface, shown as Fig. 2 . Set the stress functions as following:
where j = I, II indicate the two regions. Substitute the stress functions into the Goursat formula Eq. (5) and the continuity conditions expressed by Eq. (3), we can get:
The displacements of material II along the interface are as following:
The above displacements must have single value, this implies Through Eqs. (28) and (30) the following expressions can be derived:
where a and b are Dundur's parameters. Along a small circle line the internal force on a differential element can be expressed as:
where r r + is rh can be obtained through the Goursat's formula as following:
The resultant internal force can be calculated by integral along the whole circle line and it is equal to the external concentrated force, i.e.
The integral limits are 0 6 h 6 p in material I and p 6 h 6 2p in material II. Substitute Eq. (31) into the above equation, one obtains:
Through the 3rd equation in Eq. (28), the constants B j , D j can be determined. If we set B j = 0, D j = ÀA j , the rigid displacements can be eliminated. Therefore, the final stress functions can be set as:
The coefficients A j , C j are determined by Eqs. (31) and (35). It can be verified that the recursive relations are the same as Eqs. (17c), (17d), (23) and (24).
Numerical results
Section 3 gives the methodologies to construct the stress functions, consequently the stress and displacement fields can be calculated theoretically. However, the stress functions result in an infinite series form. Therefore, it is necessary to investigate the convergence property of the solutions. From the practical point of view, using numerical method is a feasible and simple way to achieve this goal. Thus, FEM (finite element method) computations also have been carried out in this paper. The FEM model is shown in Fig. 3 . Since the film is very thin and the actual theoretical problem is about half-infinite plane, the dimensions of the substrate must be very large compared to the upper thin layer. The element mesh is shown in Fig. 4 . The materials constants are given in Table 1 . Here, the distance d between the loading point and the interface is 0.5 mm. When computing the case when the force acting at the interface, d is equal to zero. The interface stresses comparisons of six cases between the theoretical and numerical results of FEM are performed, shown in Figs. 5-7.
In the legends of figures n = k denotes the order of image point. With comparisons to the results of FEM, it can be found that the stresses increments decrease rapidly with the order of the image points increasing. And the stresses superposed with the terms corresponding 4 or 5 image points have enough accuracy for the materials combination in the Table 1 . These imply that the convergence rate of the theoretical solutions is very rapid.
Discussions and conclusions
In this paper, we obtained the fundamental solution for two bonded dissimilar semi-infinite plane subjected to the concentrated force acting at the interface. This is the new result till now.
Also, through the image method, the theoretical solutions are obtained for modified material subjected to a concentrated force in the interior of the substrate and at the interface. The complex stress functions are constructed as an infinite series form, and each term in the stress functions corresponds to an image point. All the terms can be determined by the recursive equations. By compared with the numerical calculations it is shown that the stresses increments decrease rapidly when the order of the image point is higher. It implies that the convergence rate of the solutions is very rapid. Generally, for most practical materials combination, only about a few terms corresponding 4 or 5 image points are needed to get satisfactory accuracy.
With the accomplishment of this study, all the fundamental solutions have been solved for all kinds of filmcoated materials. Mainly, the fundamental solutions have two significant applications: they can be used in boundary element method; to calculate the stress fields very exactly if the film is very thin. 
